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^ ' Abstract. We prove that the rank of the n x n matrix multiplication is at least 3n 2 — 

O ■ 2V2n^ -3n. The previous bounds were 3n 2 — 4n 2 — n due to Landsberg Q and |n 2 — 3n 

| /' | 1 due to Blaser |b). Our bound improves the previous bounds for any n ^ 24. 
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CN ■ Introduction 

m 

\ The multiplication of two matrices is one of the most important operations in pure math- 

ematics and applied sciences. To determine the complexity of matrix multiplication is a 
major open question in algebraic complexity theory. A measure of the complexity of matrix 
multiplication, and of tensors in general, is the rank. 

Roughly speaking, the rank is the minimum number of scalar multiplications among the 
entries of two n x n matrices to obtain the product. The standard algorithm requires n 3 
^ ■ scalar operations, but V. Strassen showed that that such algorithm is not optimal [Q. In 

this paper we are concerned with lower bounds on the rank of matrix multiplication. The 
first lower bound |n 2 was proved by V. Strassen |S1| and then improved by M. Blaser Jb|, 
who found the lower bound in 2 — 3n. 



Recently J.M. Landsberg jL| , building on work with G. Ottaviani | |LO| |, found the new lower- 
bound 3n 2 — 4n2 — n. The core of Landsberg's argument is the proof of the Key Lemma 
jE], Lemma 4.3]. In this paper we improve the Key Lemma and obtain the following lower 
bounds for matrix multiplication. 

Theorem 0.1. Let p ^ ^ be a natural number. Then 

(0.1) rk(M„, niTO ) > (1 + —?—)nm + n 2 - (2p + 3)n. 

p + 1 
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For example, when */¥ E Z, taking p = — 1, we get 



2 

rk(Mji n m ) ^ 2nm + n 2 — IsPinmA — n. 

When n = m we obtain 

(0.2) rk(M n , n , n ) > (3 - ^y)^ 2 " (2p + 3)n. 

T/iis bound is maximized when p = \\f \ — 1] or p = Y\f \ — lj, hence when S Z roe 

rk(M njnjn ) ^ 3n 2 - 2\/2n2 - n. 
/ra general we have the following bound 

(0.3) rk(M ni „ in ) > 3n 2 - 2\/2n5 - 3n. 



The bound (3.3) improves Blaser's one, |n 2 — 3n, for n ^ 32. Nevertheless, when p = 2, 
the bound in (|0.2| ) becomes |n 2 — 7n, which improves Blaser's one for every n ^ 24. 
Compared with Landsberg's bound 3n 2 — 4n2 — n, our bound ( |0.3D is better for n ^ 3. 



Our strategy is the following. We prove Lemma |3.2| , which is the improved version of 



Lemma 4.3], using the classical identities for determinants of Lemma LI and Lemma |L2 , 
to lower the degree of the equations that give the lower bound for border rank for matrix 
multiplication. Then we exploit this lower degree as Blaser and Landsberg did. 
The paper is organized as follows. In Section [I] we give the basic definitions and explain the 
geometric meanings of the notions of rank and border rank in terms of secant varieties of 
Segre varieties. Section | is devoted to the Landsberg-Ottaviani equations |LO|; we present 
them as rephrased inE]. Finally in Section || we improve the Key Lemma J], Lemma 4.3] 
and prove Theorem p.l| . 

1. Preliminaries and Notation 
Let V, W be two complex vector spaces of dimension n and m. The contraction morphism 
V* ® W -> Hom(F, W),^fi®Wj^L fi , Wj , 

where Lf iiW .(y) = Yli j fi( v ) w j> defines an isomorphism between V* ® W and the space of 
linear maps from V to W. 

Then given three vector spaces A,B,C of dimension a, b and c we can identify A* <g> B 
with the space of linear maps A — > B, and A* <S) B* <8> C with the space of bilinear maps 
A x B — > C. Let T : A* x B* — > C be a bilinear map. Then T induces a linear map 
A* ® B* — > C and may also be interpreted as: 

- an element of (A* ® B*)* ®C = A®5®C, 

- a linear map A* — > B ® C. 

Rank and border rank of a bilinear map. The rank of a bilinear map T : A* x B* — > C is the 
smallest natural number r := rk(T) € N such that there exist a±,...,a r E A, bi,...,b r E B 
and ci, ...,c r E C decomposing T(a,/3) as 

r 

T(a,(3) = y~]aj(a)bi(P)ci 
i=i 
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for any oGi* and (3 G B* . The number rk(T) has also two additional interpretations. 

- Considering T as an element of A ® B (g> C the rank r is the smallest number of rank 
one tensors in A® B®C needed to span a linear space containing the point T. Let 
us rephrase this concept in the language of projective geometry. Consider the Segre 
embedding 



induced by 0(1, 1, 1) and let = a 1:hl (F(A)xF(B)xF(C)) be the corresponding 

Segre variety. Then rk(T) is the smallest number of points t±, ...,t r G Si 1 1 in linear 
general position such that [T] G (ti,...,t r ). In the language of secant varieties this 
means that [T] G Sec r _i(Si ) i i i)° but [T] ^ §ec r _2(Si,i,i)°. 
- Similarly, if we consider T as a linear map A* — > B (g> C then rk(T) is the smallest 
number of rank one tensors in B <S> C need to span a linear space containing the 
linear space T(A*). As before we have a geometric counterpart. If we consider the 
Segre embedding 



and its image £1,1 then rk(T) is the smallest number of points t±,...,t r G Si,! hi 
linear general position such that F(T(A*)) C (t\, ...,t r ). 

The border rank of a bilinear map T : A* xB* — > C is the smallest natural number r := rk(T) 
such that T is the limit of bilinear maps of rank r but is not a limit of tensors of rank s for 
any s < r. There is a geometric interpretations also for this notion: T has border rank r if 
[T] G Secr-i (£1,1,1) but [T] <£ §ec r _ 2 (Si,i,i). Clearly rk(T) ^ rk(T). 

Matrix Multiplication. Now, let us consider a special tensor. Given three vector spaces 
L = C l , M = C m and iV = C ra we have a matrix multiplication map 



As a tensor M m , n ,/ = Id N ®Id M ®Id L G (N®L*)®(L®M*)®(N*®M), where Id N G N*®N 
is the identity map. If n = I the choice of a linear map q° : — > L of maximal rank allows us 
to identify N = L. Then the multiplication map M m , n , n G (N®N*)®(N®M*)®(N*®M) 
induces a linear map N* <g> N ->■ (A* <g> M) ® (TV* <g) M)* which is an inclusion of Lie algebras 

M : gl(N) -»• [(A*®M), 

where 0l(A) = A* (8> is the algebra of linear endomorphisms of A. 

Matrix Equalities. The following lemmas are classical in linear algebra. However, for com- 
pleteness we give a proof. 

Lemma 1.1. The determinant of a 2 x 2 block matrix is given by 



where X is an invertible n x n matrix, Y is a n x m matrix, Z is a m x n matrix, and W 
is amxra matrix. 



C7i,i,i : P(A) x F(B) x P(C) ->■ P(A <g>B<g>C) 



<7i,i : P(-B) x P(C) -»• P(S ® C) 



M m , n ,i : (A* ® L) x (L* ® M) -»• iV* ® M. 
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Proof. The statement follows from the equality 

fX Y\ (-X- X Y Id n \ f X\ 
\Z W)\ I dm J {W-ZX^Y z)' 

□ 

Lemma 1.2. Let A be an n x n invertible matrix and U , V any n x m matrices. Then 

det(A + try*) = det(A) det(Jd + V^^U). 

Proof. It follows from the equality 

(A 0\ (Id -A~ X U \ ( Id 0\_(A + UV t -U\ 
[y 1 Id) \0 Id + ^A^UJ \-V l Id) ~ \ Id)' 

□ 

2. Landsberg - Ottaviani equations 

In |LO| J.M. Landsberg and G. Ottaviani generalized Strassen's equations as introduced 
by V. Strassen in [ jSlfl . We follow the exposition of |L[ Section 2]. 

Let T £ A ® B ® C be a tensor, and assume b = c. Let us consider T as a linear map 
A* 45®C, and assume that there exists a £ A* such that T(a) : B* — > C is of maximal 
rank 6. Via T{a) we can identify B = C, and consider T(A*) C B* ® B as a subspace of 
the space of linear endomorphisms of B. 

In fSlf Strassen considered the case a = 3. Let a , a 1 , a 2 be a basis of ^4*. Assume 
that T(a°) has maximal rank and that T(a 1 ),T(a 2 ) are diagonalizable, commuting en- 
domorphisms. Then T (a 1 ),T(a 2 ) are simultaneously diagonalizable and both are a lin- 
ear combination of the b rank one elements on the diagonal. Since T(a°) has maxi- 
mal rank rk(T) b, and rk(T) = b if and only if [T(a 1 ),T(a 2 )] = 0. More generally 
rk(T) ^ fo + rankf^o 1 ),^ 2 )]^. 

In particular the rank of the commutator [M(a 1 ), M(a 2 )] of nm x nm matrices is equal to 
m times the rank of the commutator [a 1 , a 2 ] of n x n matrices. 

This equality reflects a general philosophy, that is to translate expressions in commutators 
of g[ n 2 into expressions in commutators in g[ n . 

Now let us consider the case a = 3, b = c. Fix a basis ao, 0,1,0,2 of a A, and choose 
bases of B and C, so that elements of B (8 C can be written as matrices. Then we can 
write T = ao ® Xq — a\ (8 Xi + 02 ® X 2 , where the Xj are b x b matrices. Consider 
T (8 Idyi e J 4®B®C®i4*®i = i*§B@i®i0C, 

T (8) Idyi = (a f8> X - ai (8 X x + a 2 ® X 2 ) (8 (a (8 a + a 1 ai + a 2 8) a 2 ) 

and its skew-symmetrization in the ^4 factor T4 6 vl* -B <8> /\ 2 A C, which can be seen 
as a linear map 

2 

Tj:^®£*^/\A<8C 

given by 

a x Xo (ao A ai ) + a 2 Xo (ao A a 2 ) — a°Xi (ai A ao) — a 2 Xi (ai A a 2 ) + a°X 2 (a 2 A ao) + a 1 X 2 (a 2 A ai ) . 
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In the basis ao,ai,a2 of A and ao A ai,ao A 02, ai A 02 of /\ 2 ^4 the matrix of T\ is the 
following 

(X l -x 2 
Mat(T\) = \X -X 2 

\ x -x x 

Assume Xq is invertible and change bases such that it is the identity matrix. By Lemma 



1.1, on the matrix obtained by reversing the order of the rows of Mat(T\), with 

* = U *°)' r =( : £)' z = (Xl -*)•" = <> 

we get 

det(Mat(T\)) = det(XiX 2 - X 2 X X ) = det([Xi, X 2 ]). 
Now we want to generalize this construction as done in | |L0[ |. We consider the case a = 2p+l, 

T ® /d A P A G A ® 5 ® C ® A P ^4* ® A P ^ = (A P ^* ® ® (A P+1 ^ ® C)> and its skew- 
symmetrization 

P P+i 
: /\A®B* f\A®C. 

Note that dim(A P A®B*) = dim(A P+1 -4 ® C) = ( 2p ^" 1 )6. After choosing a basis a , a 2p 
of A we can write T = Ylt=o(~ ^Y a i ® -^i- The matrix of TjJ with respect the basis ao A ... A 
a p _i, a p+ i A ... A a 2p of A P A an d ao A ... A a p , a p A ... A a2 P of A P+1 A i s °f * ne form 

Q 0^ 



Mat{T p A ) ■ 

where the matrix is blocked (( 2p 1 )&, ( 2p )&) x ((p+i)^ ( 2p )&)> th e l° wer left block is given by 



i? 



/X ... 



\0 ... X 0/ 



and Q is a matrix having blocks Xi, ...,X 2p and zero, while Q is the block transpose of Q 
except that if an index is even, the block is multiplied by —1. 



Example 2.1. In the case p = 2 we have 

(a 1 A a 2 )X (a A a\ A a 2 ) + (a 1 A a 3 )X (a A a 4 A a 3 ) + (a 1 A a 4 )X (a A ai A a 4 ) + 
(a 2 A a 3 )X (a A a 2 A a 3 ) + (a 2 A a 4 )X (a A a 2 A a 4 ) + (a 3 A a 4 )X (a A a 3 A a 4 )- 
(a° A a 2 )ATi(ai A a A a 2 ) - (a A a 3 )Xi(ai A a A a 3 ) - (a A a 4 )Xi(ai A a A a 4 )- 
(a 2 A a 3 )ATi(ai A a 2 A a 3 ) - (a 2 A a 4 )X 4 (ai A a2 A a 4 ) - (a 3 A a 4 )X 4 (ai A a 3 A a 4 ) + 
(a A a 1 )X 2 (a2 A a A ai) + (a A a 3 )X 2 (a 2 A a A a 3 ) + (a A a 4 )X 2 (a 2 A a A a 4 ) + 
(a 1 A a 3 )X 2 (a 2 A ai A a 3 ) + (a 1 A a 4 )X 2 (a 2 A a\ A 04) + (a 3 A a 4 )X 2 (a 2 A a 3 A a 4 ) — 
(a A a 1 )X 3 (a 3 A a A ai) - (a A a 2 )X 3 (a 3 A a A a 2 ) - (a A a 4 )X 3 (a 3 A a A a 4 )- 



rp 2 _ 
1 A — 



(a 1 A a 4 )X 4 (a 4 



, ai 
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The matrix of T\ is 



Mat(T\) 



/v 
r J^2 


— A 3 




n 
u 


n 
u 


n 
u 


n 
u 


n 
u 


n 
U 


n \ 

U ' 


X x 










X A 






























x 4 




















*1 





-x 2 


^3 














^0 

















-x 3 


x 4 

























-x 2 





x 4 











^0 














-x 2 


x 3 














X 








-X! 








x 4 














^0 








-Xi 





^3 


v° 














X 








-x 1 


x 2 ) 



If Xq is the identity by Lemma 1.1 on R = 
equal to the determinant of 

/ o [X 1 ,X 2 ] 
~[Xi,X 2 ] 



Id, Q and Q the determinant of Mat(T%) 



is 



v- 



-[*1,* 3 ] 

-[X l! X 4 ] 



■[x 2 , 



x 3 ] 

X 4 ] 



[Xt,X 3 ] 

[x 2 ,x 3 \ 



-[X 3 ,Xi] 



[Xi,X 4 ]\ 

[X 2 ,X 4 ] 

[X 3 ,X 4 ] 

/ 



In general the determinant of Mat(T%) 
of commutators 



is equal to the determinant of the 2pb x 2pb matrix 



/ 





x± >2 


Xi j3 


Xi i4 


Xi y2p -\ 


X\ y2p N 




—Xl t2 





x 2j3 


x 2y4 


X 2y2p -\ 


-^2,2p 




— X\ i3 


—-^2,3 





X 3t i 


X 3y2p -\ 


^3,2p 




—X\ i4 


—X 2j4 


—X 3i4 





X 4y2p -\ 


^4,2p 




-X\ :2p -i 


—X 2y2p ^\ 


—X 3i2p -i 


—X 4y2p -\ . . . 





^2p-l,2p 


V 


~Xl,2p 


—X 2:2p 


—x 3y2p 


—X 4y2p 


—X 2p -i y2p 


/ 


hi 


denotes 


the commutator matrix = XiXj 


— XjX{. 










3. Key Lemma 







We use the same notation of Q throughout the text. 



Lemma 3.1. [LI, Lemma 11.5.0.2] Let V be a n- dimensional vector space and let P £ 
S d V* \ {0} be a polynomial of degree d ^ n — 1 on V. For any basis {v\, v n } ofV there 
exists a subset {v^, Vi g } of cardinality s ^d such that P\/ v . v . \ is n °t identically zero. 

Proof. Let x = Y2i=l XiVi ' 3e an e l emen t of U and consider P{x) as a polynomial m x\ , .. . , x n . 
For instance take the first non-zero monomial appearing in P{x). Since it can involve at 
most d of the Xj's the polynomial P restricted to the span of the corresponding Uj's is not 
identically zero. □ 

Lemma || says, for instance, that a quadric surface in P 3 can not contain six lines whose 
pairwise intersections span P 3 . Note that as stated Lemma || is sharp. For example the 
polynomial P(x, y, z, w) = xy vanishes on the points [1:0:0:0], [0 : : : 1] £ P 3 . 
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Lemma 3.2. Let A = N* (x) L, where I = n. Given any basis of A, there exists a subset of 
at least n 2 — (2p + 3)n basis vectors, and elements a , a 1 , . . . , a 2p of A*, such that 

- a is of maximal rank, and thus may be used to identify L ~ N and A as a space of 
endomorphisms. (I.e. in bases a is the identity matrix.) 

- Choosing a basis of L, so the a? become n x n matrices, the size 2pn block matrix 
whose (i,j)-th block is [a l ,a J ] has non-zero determinant, and 

- The subset of n 2 — (2p + 3)n basis vectors annihilate a , a 1 , . . . , a 2p . 



we 



Proof. Let B be a basis of A, and consider the polynomial Pq = det n . By Lemma 3.1 
get a subset So of at most n elements of B and a G So with det n (a°) ^ 0. Now, via the 
isomorphism oP : L — > N we are allowed to identify A = qI(L) as an algebra with identity 
element a . So, from now on, we work with sl(L) = g[(L)/ (a ) instead of Ql(L). 
Following the proof of jl], Lemma 4.3] we consider vi q, ■ ■■,V2p,o £ 5 K^) be linearly indepen- 
dent and not equal to any of the given basis vectors, and work locally on an affine open 
neighbourhood V C G(2p,sl(L)) of Eq = (t>i,o, ■■■,V2p,o)- We extend v^o, ■ ■■,V2 Pt o to a basis 
^1.0) —j v 2p,o, u>i, w n 2_2 p -i of sl(L), and take local coordinates (fs) with 1 ^ s 2p, 

1 < fj, ^ n 2 - 2p - 1. on V, so that v s = v sfi + YT^=i P ~ l fsW^. 
We denote Vij = [v{,Vj] and let us define 

a _ ( 



for i = 1, . . . , 2p and let -4 be the following diagonal block matrix 

A = diag(^i j2 , -43,4, • • • , ^2p-3,2p-2, Id,2nx2n) 

which is a squared matrix of order Apn. Consider the Apn x Apn matrix 





( ° 


Vl,2 


"1,3 


Ul,4 


«l,2p-l 


Vl,2p \ 




-«1,2 





^2,3 


^2,4 


^2,2p-l 


V2,2p 




-"1,3 


-U2,3 





^3,4 


«3,2p-l 


V3,2p 


M = 


-«1,4 


-U2,4 


-«3,4 





^4,2p-l 


VA,2p 




-«l,2p-l 


-«2,2p- 


1 — ^3,2p-l " 


■U4,2p-1 





«2p-l,2p 






-V2,2p 


-V 3 ,2p 


-^4,2p 


• • • — «2p-l,2p 


/ 


The polynomial det4 pnX 4 pn (M) is 


not identically 


zero on 


G(2p,sl(L)), so it is not id 


zero on V. Furthermore 


we can write M = A + UId4 pnx ^ pn , where 






/ 





Vl,3 


«1,4 


«l,2p-l 


Vl,2p \ 










^2,3 


«2,4 


V2,2p-1 


V2,2p 




-Ul,3 


-«2,3 








V3,2p-1 


V3,2p 


U = 


-Vl,4 


-«2,4 








V4,2p-1 


VA,2p 




-«l,2p-l 


— V2,2p-1 


-U3,2p-1 - 


W4,2p-1 


—Id n xn 


w 2p-l,2p 






~V2,2p 


-V3,2p 


"f4,2p 


■ ■ ■ —V2p-l,2p 


~Id n xn/ 



By Lemma |1.2| we have 
det(M) = det(A) det(Id + A~ l U) 



det([ui, v 2 ]) 2 ■ ■ ■ det([t;2 P _3, v 2 p- 2 ]) 2 det(/d + A~ l U). 
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The entries of the n x n matrices [vfc>^fc+i] are quadratic in the /i"s, so the polynomials 
detQufc, Ufc+i]) have degree 2n, and 

Pi = det([v 1 ,v 2 }) 2 ■ ■ . det([f 2p -3,«2 P -2]) 2 = (det([«i,« 2 ]) • • • det([t;2p_3, v 2p - 2 ])) 2 
is a polynomial of degree An(p — 1). Since Pi is a square, we can consider the polynomial 
Pi = det([f i, V2\) ■ ■ ■ det([v2p-3, V2p-2\) which has degree 2n(p — 1). Applying Lemma |0] to 
Pi we find a subset Si of at most 2n(p — 1) elements of our basis such that Pi, and hence 
Pi, is not identically zero on (Si). 

Now, let us fix some particular value of the coordinates fs such that on the corresponding 
matrices ui,...,V2p— 2 the matrix A is invertible. For these values the expression det (Id + 
A~ l U) make sense. Let us consider the matrix 



Id + A~ 1 U = 


/ Id 





Id 

-^3,4^2,3 


~ u 12 w 2,3 
v l,2 v l$ 

Id 



-^2^2,4 • • 



Id 


■ -Vi\v 2 ,2p-l 

■ V^Vi t2 p-l 

■ —^3 4^4,2^-1 
• V^V^p-l 


-Vi\v2,2p\ 
VT )2 VI,2 P 

-%4^4,2p 
^4^3,2p 




-«l,2p-l 


~V2,2p-l 
~V2,2p 


-«3,2p-l 
-V3,2p 


— VA,2p-l ■ ■ 
~V4,2p 




— V2p-l,2p 


^2p-l,2p 
/ 


By Lemma 1.1 


on Id + A' 


- X U with 











X 



Id 






Id 



Y 



Z 



J 3 4 U 1,4 



y 3,4 



Vl,3 



3,4^2,4 



V 



-Vl,2p-l 
~Vl,2p 



-«2,2p-l 
-«2,2p / 



" U l 2^2,3 
^2^1,3 



IF 



-«1 2^2,4 
Id 







If/ 



-U X \V2,2 P -1 
^2 U l,2p-l 
-1 



-Vi2 1 ^2,2p 
wj>l,2p 



— ^3 4^4,2p-l 



4^4,2p\ 



u 3,4 u 3,2p 



V2p-\,2p 





"^3,2p-l -f4,2p-l • • • 
V — t>3,2p —V4,2p ■ ■ ■ —V2p-l,2p 

we get det(/d + A _1 C7) = det(TF — ZY). Note that the coordinates fs appear in the terms 
indexed by 2p — 1 and 2p, while all the other terms are constant once we fixed vi, ...,V2 p —2- 
Then P2 = det(PF — ZY) is a polynomial of degree An. By Lemma [3.1| we find a subset S2 
of at most 4re elements of the basis B such that P2 is not identically zero on (5*2). 
Summing up we found a subset S of at most re + 2n(p — 1) + 4re = (2p + 3)n elements of B 
such that det(M) is not identically zero on (S). □ 



Remark 3.3. In Lemma 4.3] the author proved the analogous statement for n 2 
l)n. 



(Ap + 



We are ready to prove Theorem D.l following the proof of Theorem 1.2]. 



Proof. Let ip be a decomposition of the matrix multiplication tensor M n ^ n ^ m as sum of 
r = rk(M„ : 

n m) rank one tensors. Recall that the left kernel of a bilinear map / : V xU — > IF 
is defined as Lker(/) = {v 6 F | f(v,u) = OVm 6 £/}. Since Lker(M„ jnm ) = 0, that is for 
any a£i*\ {0}, there exists (3 £ B* such that M n ^ n ^ m (a, /3) 7^ we can write <p = <pi + <p 2 
with rk(( / 9i) = re 2 , rk(( / 9 2 ) = r — re 2 and Lker(^i) = 0. 
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The n 2 elements of A* appearing in (p\ form a basis of A*. By Lemma 3.2 there exists a 
subset of n 2 — (2p + 3)n of them annihilating a maximal rank element a and some a 1 , a 2p 
such that, choosing bases, the determinant of the matrix ([a*,o J ]) is non-zero. 
Let ipi be the sum of all monomial in ip± whose terms in A* annihilate a , a 2p . By Lemma 
3.2 there exists at least n 2 — (2p + 3)n of them. Then rk(^i) ^ n 2 — (2p + 3)n. Furthermore 
consider ip2 = '■Pi — ipi + P2 so that (p = ip\ + ip2 an d the terms appearing in ip2 does not 
annihilate a , a 2p . 

Let A = (|a , a 2p } C A*. Again by Lemma 3.2 the determinant of the linear map 
M 

n 

dim(/\ p ^' (g> B*). We conclude that 



'«,n,m|A'®fl.8C. • K P A ® B* f\ p+1 A ® C7 is non-zero. Then rk(^) ^ nm^ 



; 2p +1 p > 

rk((/j) = rk(( / 9 1 ) + rk((^ 2 ) ^ n 2 — (2p + 3)n + nm = (1 H )nm + n 2 — (2p + 3)n. 

p + 1 p + 1 

This concludes the proof of (0.1). 

To prove the other assertions, let us consider the function / : Mj>o ~~ > ^ defined by f(p) = 
(3 — i ) n2 ~ (2p + 3)n. The first derivative is f'(p) = — ~~yyl n2 ~ which vanishes in 

p = — 1- Moreover f"(p) = —-, — ~yyj n2 < 0) hence p = y^f — 1 is the maximum of /. 



Then the bound ( |0.2[) is maximized for p = \\J\ — 1] or p = La/I — ' depending on the 
value of n. 

^ (\/? — 1) — L\/l — ^ ^ we ma Y cons ider p = [y 7 ^— 1~|. In this case y^ — 1 ^ p ^ y 7 ? - ^ > 
and we get /([y^ - 1 D ^ 171 W := 3 ™ 2 ~ 2>/2n* - In. 

If (\/f _1 ) - L\/t - X J < 5 we consider p= [^/f - lj. Then ^/f - | < p < y^ - 1, and 
wehave/(Ly / f-lJ) > L/J(n) := (3 - ^^)n 2 - V^n§ - n. 

Finally to prove (|0.3| ) it is enough to observe that both ["/] (n) and |_/J (n) are greater than 
3n 2 - 2 v / 2nf - 3n. □ 
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